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ABSTRACT 

S e v e r a l  methods of t r e a t i n g  Eu le r  t ransform i n t e g r a l s  e x i s t .  One 

such method fo l lows  from t h e  expres s ion  of  t h e  E u l e r  t ransform k e r n e l  

as a b i l i n e a r  s e r i e s  of independent s o l u t i o n s  t o  t h e  Jacoby equa t ion  
I 

v a l i d  f o r  t h e  i n t e g r a t i o n  v a r i a b l e  i n  the  r e a l  i n t e r v a l  -1 t o  1 and 

t h e  t r ans fo rm v a r i a b l e  ou t s ide .  The t ransform f u n c t i o n  then  i s  ex-  

pressed  as a s e r i e s  of  s o l u t i o n s  of t he  second kind t o  t h e  Jacoby 

equa t ion  whose c o e f f i c i e n t s  a r e  the  expansion c o e f f i c i e n t s  of t h e  

f u n c t i o n  t o  be t ransformed i n  t h e  complete s e t  of Jacoby polynomials ,  

provided t h e  l a t t e r  e x i s t .  Such a s e r i e s  i s  a b s o l u t e l y  convergent  f o r  

t h e  t r ans fo rm v a r i a b l e  not  on t h e  r e a l  i n t e r v a l  c i t e d  above. Another 

method, due t o  MacRobert, permi ts  quadra tu re  of t he  E u l e r  t r ans fo rm 

i n t e g r a l  d i r e c t l y  f o r  c e r t a i n  i n t e g r a n d s .  F i n a l l y ,  t h e  expansion of 

t h e  E u l e r  k e r n e l  i n  a b i l i n e a r  s e r i e s  of Besse l  f u n c t i o n s  and Neumann 

polynomials  v a l i d  f o r  t he  i n t e g r a t i o n  v a r i a b l e  on t h e  f i n i t e  i n t e r v a l ,  

0 t o  a, i s  mentioned, and appl ied  t o  s e v e r a l  i n t e g r a l s .  Examples of 

a l l  t h r e e  methods a r e  given.  
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INTRODUCTION 

I n  c e r t a i n  a p p l i c a t i o n s  of app l i ed  mathematics such a s  t h e  s tudy  

of  p o t e n t i a l  problems i n  quantum mechanics o r  p l a sma  phys ics ,  i n t e g r a l s  

of t he  Eu le r  t ransform type occas iona l ly  a r i s e ;  

where f (x)  i s  s u f f i c i e n t l y  well-behaved t o  be uni formly  approximated 

on t h e  i n t e r v a l  [-l,ll by a complete s e t  of polynomials,  and y i s  

any number such t h a t  R e p > O .  

i s  an i n t e g e r ,  t h e  r e s t r i c t i o n  t h a t  z n o t  l i e  on the  r e a l  a x i s  segment, 

[-l,l] may be r e l a x e d  by t ak ing  t h e  p r i n c i p a l  p a r t  of t he  i n t e g r a l .  

A s  s t ands ,  g ( z )  i s  an a n a l y t i c  f u n c t i o n  of z f o r  a l l  neighborhoods no t  

over lapping  t h e  r e a l  a x i s  cu t  as given above, and t h e r e f o r e  t h e  k e r n e l  

may be expanded i n  a Taylor  s e r i e s  such t h a t  t h e  i n t e g r a t i o n  may be 

P >  I f  t h e  o r d e r  of t h e  t ransform,  

c a r r i e d  ou t  term by t e r m .  There is ,  however, another  expansion of 

t he  k e r n e l  i n  a b i l i n e a r  series of f u n c t i o n s  which a r e  s o l u t i o n s  of 

t h e  f i r s t  and second kind of a hypergeometr ic  equat ion .  This  r e p r e -  

s e n t a t i o n  of  t h e  k e r n e l  is a l s o  a b s o l u t e l y  convergent  f o r  a l l  z 

r e s t r i c t e d  as above, t h e r e f o r e  term by t e r m  i n t e g r a t i o n  i n  equa t ion  

1 i s  a l s o  j u s t i f i e d .  However, s o l u t i o n s  of t h e  f i r s t  kind wi th  

i n t e g e r  i n d i c e s  a r e  polynomials t h a t  form c losed  s e t s  on the  i n t e r v a l ,  

[-1,l] wi th  r e s p e c t  t o  s p e c i f i e d  weight  func t ions .  

expressed  as a s e r i e s  i n  s o l u t i o n s  of t h e  second kind wi th  c o e f f i c i e n t s  

t h a t  a r e  t h e  expansion c o e f f i c i e n t s  of t h e  a r b i t r a r y  f u n c t i o n  i n  t h e  

polynomial se t ,  An abvious advantage of t h i s  k e r n e l  r e p r e s e n t a t i o n  

fo l lows  of f ( x )  i s  or thogonal  t o  a l l  bu t  one of t h e  polynomials,  i n  

Thus g ( z )  may be 
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which c a s e  g ( z )  i s  p r o p o r t i o n a l  t o  a s o l u t i o n  of t h e  second kind. 

From a numer ica l  p o i n t  of view, expres s ion  of g ( z )  i n  a s e r i e s  of 

s o l u t i o n s  pe rmi t s  t h e  use  of r e c u r s i o n  r e l a t i o n s  t o  "bu i ld  up" t h e  

series a s  might be done i n  a computer e v a l u a t i o n  of g ( z ) .  

t h e  e s t ab l i shmen t  of a b i l i n e a r  expansion of t h e  E u l e r  k e r n e l  p e r m i t s  

t h e  ex tens ion  of  i n t e g r a l  t a b l e s  t o  cover  i n t e g r a l s  of  t h e  type  shown 

i n  eq. 1 i f  t h e  a p p r o p r i a t e  expansion c o e f f i c i e n t s  a r e  a l r e a d y  e v a l -  

ua ted .  Examples of a few of t h e s e  i n t e g r a l s  a r e  g iven  i n  Appendix A. 

F i n a l l y ,  

The fo l lowing  t h r e e  s e c t i o n s  summarize t h e  development of s e v e r a l  

b i l i n e a r  expansions,  and t r e a t  t h e  E u l e r  t r ans fo rm of a s p e c i a l  

in tegrand .  The f i r s t  of t h e s e  reviews some b a s i c  p r o p e r t i e s  of t h e  

Jacoby f u n c t i o n  system necessa ry  t o  subsequent  development. 

The Jacoby Func t ion  System 

The hypergeometric equa t ion  wi th  t h r e e  r e g u l a r  s i n g u l a r  p o i n t s  

l o c a t e d  a t  +1 - and 00 i s  known as t h e  Jacoby equa t ion .  I t s  two 

independent s o l u t i o n s  a r e  c h a r a c t e r i z e d  by t h r e e  pa rame te r s  

and n ;  i f  t h e  l a t t e r  i s  i n t e g e r ,  one of t h e  two s o l u t i o n s  i s  a po ly -  

nomial of o r d e r  n. The second s o l u t i o n  i s  r e g u l a r  everywhere i n  t h e  

complex p lane  bu t  h a s  b ranch-po in t s  a t  21, wi th  a branch c u t  j o i n i n g  

t h e s e  two s i n g u l a r i t i e s  t o  make i t  s i n g l e  va lued .  The Jacoby po ly -  

nomials,  o r  s o l u t i o n s  of t he  f i r s t  k ind ,  form a complete se t  on t h e  

c l o s e d  i n t e r v a l  -1 t o  1 wi th  r e s p e c t  t o  t h e  i n t e g e r  index n and a 

weight func t ion  g iven  i n  t h e  t a b l e  below. A t  i n f i n i t y ,  t h e s e  p o l y -  

nomials have a s imple  p o l e  of o r d e r  n. 

d l  P 

Both s o l u t i o n s  s a t i s f y  
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I. 

1 well-known r e c u r s i o n  formulas given elsewhere.  For  c e r t a i n  s p e c i f i e d  

v a l u e s  of t h e  parameters  , and (3 , t h e  Jacoby polynomials a r e  

p r o p o r t i o n a l  t o  t h e  Gegenbauer, Tchebycheff, and Legendre polynomials 

as shown i n  t h e  t a b l e  below: 

-- Table One 

Weight Funct ion ,  

N ame Symbol W( 9‘1Q Normalization, N ( . r , P )  
n - ( 4 p  ) 

1 

The parameters  d , Q  and 3 have rea l  p a r t s  g r e a t e r  than  -1. Thus we 

s ee  t h a t  any r e s u l t  t h a t  holds f o r  t h e  Jacoby polynomial system i s  

a l s o  t r u e  f o r  any of t he  systems l i s t e d  i n  t h e  t a b l e .  For t h e  purpose  

of conven ien t ly  expres s ing  l a t e r  r e s u l t s ,  we s h a l l  i n t roduce  a g e n e r a l  

po lynomia l / func t ion  system i n  t h e  nex t  s e c t i o n .  

s o l u t i o n s  f o r  a r b i t r a r y  d dud (3 

f a c t o r  t o  account f o r  t h e  var ious  i n t e r r e l a t i o n s  among t h e  polynomial 

s e t s  g iven  by s p e c i a l  va lues  of 4, (3 

These a r e  t h e  Jacoby 

but  w i t h  an a d d i t i o n a l  m u l t i p l i c a t i v e  

a s  l i s t e d  above. 

A s  shown i n  Appendix B, t h e  E u l e r  t r ans fo rm method s o l u t i o n  of 
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t h e  Jacoby e q u a t i o n  l e a d s  t o  a convenient  i n t e g r a l  r e p r e s e n t a t i o n  of 

i t s  s o l u t i o n s .  The choice  of t h e  contour  determines which of t h e  two 

independent s o l u t i o n s  i s  r e p r e s e n t e d ;  and, f o r  t h e  r e a l  i n t e r v a l  

1-1,l.I , we o b t a i n  t h e  i n t e g r a l  form of  t h e  Jacoby f u n c t i o n  of t h e  

second k ind  : 

- I  

Here z ~ ~ l , l ~ .  

as P ( ‘ I @ )  , except  f o r  n = 0, and i f  R e (  4 , p  )>-1 and i s  a n a l y t i c  every-  

where except f o r  t h e  branch c u t  between -1 and 1. I t s  v a l u e  on t h e  

T h i s  f u n c t i o n  s a t i s f i e s  t h e  same r e c u r s i o n  formulas  

n 

c u t  i s  d e f i n e d  t o  be: 

The l a t t e r  e q u a l i t y  fo l lows  from c o n s i d e r i n g  t h e  contour  i n t e g r a l  about  

t h e  branch c u t  and t a k i n g  t h e  l i m i t  Imz = 0 ;  and F i s  t h e  hypergeometr ic  

func t ion ,  *F1 . 
kind  a s s o c i a t e d  wi th  t h e  Jacoby, Gegenbauer, Tchebycheff,  and Legendre 

polynomials are found i n  s t a n d a r d  t e x t s .  

A d d i t i o n a l  p r o p e r t i e s  of t h e  s o l u t i o n s  of t h e  second 

1 , 2 , 3  

I t  i s  known from t h e  theory  of t h e  hypergeometr ic  f u n c t i o n  t h a t  

t h e s e  q u a n t i t i e s  map i n t o  themselves under  t h e  f r a c t i o n a l  l i n e a r  

s u b s t i t u t i o n :  
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. Therefore  i t  i s  p o s s i b l e  t o  ob ta in  s e v e r a l  e q u i v a l e n t  i n t e g r a l  r ep -  

r e s e n t a t i o n s  of t h e  same so lu t ion .  One v e r y  u s e f u l  form i s  de r ived  

from eq. 2 by the  s u b s t i t u t i o n :  

Eq. 2 t hen  r eads :  

I n  a s i m i l a r  manner, t h e  i n t e g r a l  r e p r e s e n t a t i o n s  of  t h e  polynomial 

s o l u t i o n  may be developed: 

C 

Here t h e  phase of  t h e  in tegrand  has  been chosen such t h a t  P t d , f l  ) 
d 

i s  r e a l  f o r  z on t h e  p o s i t i v e  r e a l  ax i s .  The s e l e c t e d  contour  e n c l o s e s  

t h e  p o i n t s  z and 1 where the  complex p lane  has  been c u t  from -1 t o  

- . These two r e l a t i o n s  may be combined t o  g ive  the  key equa t ion  

upon which t h i s  paper  i s  based. F i r s t  we see t h a t  t he  in tegrand  of 

eq. 7 i s  a n a l y t i c  everywhere i n  C except  a t  z ,  and hence i t s  r e s i d u e  

i s  (n!) -1 ( - l ) n  t imes.  t he  n- th  d e r i v a t i v e  of (l+z) n+ P (l.-Z)"+" . 
Therefore  t h e  polynomial PA'@ ) i s  expressed by Rodrigues '  formula: 

Now, s i n c e  t h e  in tegrand  of eq. 6 vanishes  a t  u=+l, t h e  i n t e g r a t e d  

terms vanish  upon an i n t e g r a t i o n  by p a r t s  t o  g ive :  
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Rodrigues '  formula may be s u b s t i t u t e d  f o r  t h e  i n t e g r a n d  i n  t h e  above 

equat ion  t o  g i v e  t h e  fundamental  r e l a t i o n s h i p  between t h e  polynomials 

and s o l u t i o n s  of  t h e  second kind,  o f t e n  c a l l e d  t h e  Neumann i n t e g r a l :  

- I  

Here z 4 [-1,1] . The equat ion  may be extended by d e f i n i t i o n  t o  

v a l u e s  of /Rez/<l, Imz=O,  i f  t h e  p r i n c i p a l  p a r t  o f  t h e  above i n t e g r a l  

i s  taken. T h i s  Eul-er t ransform r e l a t i o n s h i p  h o l d s  f o r  a l l  of t h e  

s p e c i a l i z a t i o n s  o f  the Jacoby polynomials and s o l u t i o n s  of  t h e  second 

kind as l i s t e d  i n  Table  One. 

B i l i n e a r  Expansions 

The Jacoby polynomial system and i t s  s p e c i a l i z a t i o n s  form c l o s e d  

se t s  on t h e  i n t e r v a l  [-l,l] . 
w e l l  as  subsequent expans ion . formulas ,  i t  i s  convenient  t o  i n t r o d u c e  

a genera l  polynomial of t h e  f i r s t  kind XL1@', and a g e n e r a l  f u n c t i o n  

of t h e  second k ind  y:ipJ, which, f o r  s p e c i a l  v a l u e s  o f  t h e i r  i n d i c e s  

a r e  p r o p o r t i o n a l  t o  v a r i o u s  of  t h e  polynomial  systems l i s t e d  i n  

Table  One. 

I n  o r d e r  t o  express  t h i s  p r o p e r t y  as 

Thus, f o r  4 and (3 a s  given i n  t h e  t a b l e  below, w e  have: 



. 
The c o n s t a n t  of p r o p o r t i o n a l i t y ,  1 3 ( d @  has  t h e  va lues :  n 

Table Two -- 
( 4 6 3  ) 

*n N ame Polynomial/Func t i o n  a,- 
1 P (  ‘I @ ) (x)  ;Qn ( d )  (3 (x) 

n d ,  (3 Jacoby 

-4, -k Tchebycheff Tn(x) ;Rn (XI 
1st kind 

Tchebychef f Un (x) ; sn (XI 
1 a ,  2‘ 

2nd kind 

The g e n e r a l  polynomials a r e  or thogonal  on t h e  c losed  i n t e r v a l  from 

-1 t o  1 w i t h  r e s p e c t  t o  t h e  weight f u n c t i o n  w(x) f o r  d i f f e r e n t  i n t e g e r  

i n d i c e s  : 

- I  

The norma l i za t ion  c o n s t a n t  f o r  t h e  g e n e r a l  polynomials  i s  r e l a t e d  t o  

those  g iven  i n  Table  One f o r  t h e  i n d i c a t e d  cho ice  of  parameters  by: 

The c l o s u r e  r e l a t i o n  f o r  the g e n e r a l  c a s e  is :  

og 
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It follows immediately from t h i s  r e s u l t  and t h e  Euler  t r a n s f o r m  r e -  

l a t i o n  between t h e  polynomials o f  t he  f i r s t  k ind  and f u n c t i o n s  of 

t h e  second kind,  eq.  10, t h a t  (z-x)  has  t h e  expansion:  -1 

T h i s  equat ion  is t h e  f a m i l i a r  Chr is tof fe l -Darbroux 

upper l i m i t  on t h e  index  n p a s s e s  t o  i n f i n i t y .  It 

t h e  r e c u r s i o n  r e l a t i o n s  of t h r e e  d i f f e r e n t  i n d i c e s  

t h e  Jacoby fami ly  f o r  any upper l i m i t ,  as shown i n  

i d e n t i t y  as t h e  

may be d e r i v e d  from 

s a t i s f i e d  by a l l  of 

Bateman. For 1 

f i x e d  z, t h e  r e g i o n  of a b s o l u t e  conversence f o r  x is  any p o i n t  on t h e  

i n t e r i o r  of a n  e l l i p s e ,  p a s a t n g  through z i n  t h e  complex plan,: w i t h  

f o c i  a t  21. The q u a d r a t u r e  f x m u l a s  now become s t r a i g h t - f u i w a r d  i n  

terms o f  t h i s  expansion. 

A g e n e r a l i z a t i o n  of eq.  1 2  t o  inteLTa1 po;re::s of (2-xl-I  follows 

from thc d e f i i i i t i o i i  of t h e  a s s o c i a t e d  p o l y n o n i a l  and  f u n c t i o n  of  t h e  

second kind.  Le t  t h e s e  q u a n t i t i e s  be d e f i n e d  by:  

and 

where the  index m i s  i n t e g e r  and p o s i t i v e .  It may e a s i l y  be shown 

t h a t  t hese  f u n c t i o n s  s a t i s f y  t h e  a s s o c i a t e d  e q u a t i o n :  
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where y r e p r e s e n t s  e i t h e r  type of s o l u t i o n .  Recursion r e l a t i o n s  f o r  

t h e s e  f u n c t i o n s  fo l low from the above equa t ion  and the  p rev ious  

d e f i n i t i o n s .  I n t e g r a l  r e p r e s e n t a t i o n s  fo l low from the  d e f i n i t i o n s  and 

the  i n t e g r a l  r e p r e s e n t a t i o n s  of t h e  non-assoc ia ted  q u a n t i t i e s  p r e v i -  

ous ly  d iscussed .  Thus d i f f e r e n t i a t i o n  of eq. 1 2  with r e s p e c t  t o  z 

l e a d s  t o  t h e  r e q u i r e d  g e n e r a l i z a t i o n  of t h a t  formula i n  terms of t h e  

a s s o c i a t e d  f u n c t i o n s  of t h e  second k ind:  

I f ,  i n  t h e  in t eg rand  of eq. 1, h(x)  i s  de f ined  by f ( x )  = w'(x)h'(x) 

/A.= mi-1 then t h a t  i n t e g r a l  becomes, i n  view of t he  expansion and 

developed above: 

where t h e  c o e f f i c i e n t s  o f  ynr,r;n, are : 

By t h i s  means we have expressed g ( z )  i n  an a b s o l u t e l y  convergent  

series f o r  a l l  z e# [-l,l] , and have reduced t h e  i n t e g r a l  t o  t h e  

problem of de te rmining  t h e  c o e f f i c i e n t s  g iven  i n  the  above equat ion .  

I n  cases where t h e s e  a r e  l i s t e d  i n  i n t e g r a l  t a b l e s ,  or  may be e a s i l y  
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determined, t h e  t a b l e s  then can  be expanded t o  i n c l u d e  gene ra l i zed  

E u l e r  t ransform i n t e g r a l s  of t h e  type  given i n  eq. 17.  A s  an example, 

cons ide r  h (x )  = c o s d x ;  w(x) = 1; - P ( x ) ;  and (f/rlB)= Q,,(z) ; 
Y o  ")l n 

then  we have: 

-&4% 

where 

Other  examples a r e  l i s t e d  i n  Appendix A. 

A simple g e n e r a l i z a t i o n  of t h e  i n t e g r a l  shown i n  eq. 1 fo l lows  

by r e p l a c i n g  t h e  denominator by a polynomial  of f i n i t e  o r d e r  whose 

r o o t s  do no t  l i e  on t h e  real  axis segment, 

an improper f r a c t i o n  expansion,  t h e  i n t e g r a l  may be reduced t o  a sum 

over  d i s t i n c t  r o o t s  of i n t e g r a l s  of  t h e  form shown i n  eq. 17 .  Here, 

t h e  i n t e g e r  m+l  i s  t h e  o r d e r  of  t h e  degene ra t e  r o o t  i f  m > 0. 

I n t e g r a l s  wi th  polynomial  denominators t h a t  do have a f i n i t e  number 

[-1,1] . By means o f  

of  r o o t s  on the  r e a l  axis segment may be  handled  i n  l i k e  manner, b u t  

w i th  t h e  r e a l  ax i s  segment d e f i n i t i o n  of f u n c t i o n s  of  t h e  second kind,  

eq. 3 ,  and replacement  of t h e  i n t e g r a l s  wi th  t h e i r  p r i n c i p a l  va lues .  

A t h i r d  method of expansion of a E u l e r  k e r n e l  depends on t h e  f a c t  

t h a t  t h e  i n t e g r a l  r e p r e s e n t a t i o n  of  t h e  s o l u t i o n s  of t h e  second k ind ,  

eq.  6, i s  v a l i d  f o r  any n whose r ea l  p a r t  i s  g r e a t e r  than  minus one. 

Thus w e  s h a l l  show t h a t  a b i l i n e a r  expans ion  e x i s t s  f o r  t h e  
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q u a n t i t y  (2-x) - * -I, f o r  R e d  >-1. 

i n d i c a t e  t h e  parameter  dependence of  t h e  weight f u n c t i o n  as s u p e r e c r i p t s .  

Now from t h e  choice  of t h e  parameter,  B, g iven  i n  Table  Two, i t  f o l l o w s  

t h a t  eqs. 8 and 6 may be taken to be d e f i n i t i o n s  of  t h e  g e n e r a l  po ly-  

nomial and f u n c t i o n  of t h e  second k ind  r e s p e c t i v e l y .  I f ,  i n  t h e  l a t t e r  

equat ion ,  n i s  set  e q u a l  t o  l + f  

eq. 6 becomes: 

For  c l a r i t y ,  we s h a l l  e x p l i c i t l y  

, where P i s  a p o s i t i v e  i n t e g e r ,  

But 

and t h e r e f o r e ,  a f t e r  i n t e g r a t i n g  eq. 21 ,i! t i m e s  by p a r t s ,  we h-ave: 

A s  i n  t h e  prev ious  cases ,  the i n t e g r a n d  vanishes  a t  t h e  end p o i n t s ,  

and t h u s  t h e  i n t e g r a t e d  terms are zero.  Rodriques‘  formula may be 

used t o  r e p l a c e  t h e  d e r i v a t i v e  appear ing  i n  t h e  i n t e g r a n d  wi th  t h e  

a p p r o p r i a t e  g e n e r a l  polynomial t o  g i v e  the  fo l lowing  i n t e g r a l  r e p -  

r e  s en t a t  i o n  : 

The c l o s u r e  formula eq. 11, may now be a p p l i e d  t o  e x t r a c t  t h e  denom- 

i n a t o r  ; t h u s  ; 
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I n  t h i s  formula, as i n  o t h e r s ,  z i s  assumed n o t  t o  l i e  on t h e  c u t .  

Several i n t e r e s t i n g  c a s e s  ar ise  from p a r t i c u l a r  c h o i c e s  of t h e  

parameters  4( , p and b' . 
t h e  above e q u a t i o n  reduces  t o :  

For  example, i f  & =  (3 = 0 and r= -&  , 

which, i f  t h e  i n t e r v a l  i s  changed t o  0, TI becomes t h e  F o u r i e r  c o s i n e  

expansion of  t h e  square r o o t  of  z-cos@. The f u n c t i o n s ,  Q1-b are  

a n a l y t i c  everywhere i n  t h e  complex p lane  wi th  l o g a r i t h m i c  s i n g u l a r i t i e s  

a t  21, a n d  d i scont inuous  along t h e  c u t  from -1 t o  1. These f u n c t i o n s  

ar ise  i n  the theory  of t o r o i d a l  harmonics, and are d i s c u s s e d  by 

3 -t Hobson. This  same q u a n t i t y ,  (z-x) , may be w r i t t e n  as a b i l i n e a r  

s e r i e s  i n  Legendre polynomials by s e t t i n g  d : f z  k ,  y z  -%. The 

r e s u l t  i s :  

where Sh((z) i s  a Tchebycheff s o l u t i o n  o f  t h e  second k ind  d e f i n e d  by: 

- I  

Quadrature  formulas apply ing  t h e s e  expans ions  are s t r a i g h t - f o r w a r d ,  

and examples a r e  given i n  Appeadix A. 
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A s  a concluding remark on t h i s  s e c t i o n  on b i l i n e a r  expansions,  

we s h a l l  b r i e f l y  comment on one o t h e r  b i l i n e a r  form f o r  t he  Eu le r  

L kerne l .  

and f o r  1217 1x1, an expansion of t h e  E u l e r  k e r n e l  may be w r i t t e n :  

A s  shown i n  Bateman, f o r  x i n  the f i n i t e  i n t e r v a l ,  [O,aJl 

The c o e f f i c i e n t s  of t h e  Bessel  fumctions i n  t h e  above equa t ion  a r e  

(Neumann) polynomials i n  z of degree one g r e a t e r  than the  o r d e r  and 

a r e  bounded €o r  l a r g e  z by an exponen t i a l  form i n  z Therefore  t h e  

-1 

2 

expansion shown above i s  a b s o l u t e l y  convergent  whenever 1x1 (1.1 . 
These polynomials,  however, d o  n o t  s a t i s f y  B e s s e l ’ s  equat ion  f o r  

a r b i t r a r y  index n and t h e r e f o r e  do no t  posses  the  same r e l a t i o n s h i p  

t o  the  Besse l  f u n c t i o n s  as the Jacoby polynom a ls  do t o  t h e  Jacoby 

s o l u t i o n s  of t h e  second kind. Recursion r e l a  ions ,  and i n t e g r a l  

p r o p e r t i e s  a r e  found i n  the  above r e f e r e n c e  t o  Bateman. S e v e r a l  

examples of t h i s  type  of i n t e g r a l  a r e  inc luded  i n  Appendix A. 

A S p e c i a l  I n t e g r a n d  

S p e c i a l  methods f o r  ca r ry ing  ou t  t h e  i n t e g r a t i o n  of eq. 1 f o r  

One, due t o  MacRobertY4 i s  given below. c e r t a i n  in t eg rands  e x i s t .  

Consider  t he  q u a n t i t y  -f{(Z) t o  be de f ined  a s :  
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n 
We now may show t h a t  f o r  q < n, From t h e  E u l e r  t r ans fo rm 

r e l a t i o n  between s o l u t i o n s  of t h e  f i r s t  and second k ind  a s  given i n  

eq. 10, we may s u b s t i t u t e  f o r  $I 

rl[Z)=0. 

& I @ )  i n  t h e  above i n t e g r a l  t o  g ive :  

However f o r  q 5 n, ( z q - t q ) / ( z - t )  i s  a polynomial of 3- I orde r ,  and 

hence i s  or thogonal  t o  the  gene ra l  polynomial 

Thus rln= 0 , from which i t  fo l lows  t h a t ;  

& , " I f i )  , i n  eq. 29. 

O r ,  by tab ing  Spe a p p r o p r i a t e  l i n e a r  combinat ions of t h i s  expres s ion ,  
. 1 ' I ,  

i t  a l s o  follows t h a t :  

Tkia PesuLt may be gene ra l i zed  oomewhat by s e t t i n g  q = n+l. 

by the arguments above we have: 

Then, 

To @valuate this  i n t e g r a l ,  w e  replacrs t h e  polynomial by Rsdriguee' 

formula and i n t e g r a t e  by p a r t s  n t imes,  We then  obtaln: 
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T h i s  i n t e g r a l  i s  j u s t  t h e  normal iza t ion  i n t e g r a l  f o r  t h e  Jacoby poly-  

nomials wi th  n s e t  e q u a l  t o  zero, and d r e p l a c e d  by 0 4 4  and p 
r e p l a c e d  by )I t p Therefore:  

And f i n a l l y  g i v i n g  t h e  r e s u l t :  

Again, a f t e r  t a k i n g  the a p p r o p r i a t e  l i n e a r  combinations of t h e  above 

equat ion ,  i t  may be shown t h a t :  

r. 

F 

The convergence of  t h e s e  i n t e g r a l s  f o r  Parge z i s  shown i n  t h e  case 

of  t h e  Legendre f u n c t i o n s  f o r  a l l  r e a l  i n d i c e s  i n  t h e  r e f e r e n c e  

c i t e d  above. 

Comments 

The expansions of t h e  E u l e r  t ransform k e r n e l  and i t s  g e n e r a l i z a t i o n s  

given above r e p r e s e n t  a genera l  technique f o r  t h e  r e d u c t i o n  of t h e  

g e n e r a l i z e d  E u l e r  t ransform i n t e g r a l s  as shown i n  eq. 1. I n  each 
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case ,  the quadra tu re  i s  expressed  as a series,  convergent  f o r  a l l  

v a l u e s  of z n o t  on t h e  branch c u t ,  of func t ions  t h a t  form t h e  second 

s o l u t i o n  t o  t h e  v a r i a t i o n  of  t h e  Jacoby equa t ion  as l i s t e d  i n  Table  

One. The well-known r e c u r s i o n  r e l a t i o n s  and asymtot ic  behavior  of 

t h e s e  func t ions  are va luab le  a i d s  i n  t h e  numerical  computat ion and 

a n a l y t i c a l  s tudy  o f  i n t e g r a l s  of  t h e  Eu le r  t ransform type. 
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Appendix A 

A misce l laneous  c o l l e c t i o n  of i n t e g r a l s  eva lua ted  by t h e  pro-  

cedures  d i scussed  i n  t h e  t e x t  i s  l i s t e d  below. The a p p r o p r i a t e  

expansion c o e f f i c i e n t s  are taken from r e f e r e n c e s  5 and 6. I n t e g r a l s  

i nvo lv ing  t h e  gene ra l  polynomial / funct ion system de f ined  i n  t h e  t e x t  

a r e  v a l i d  f o r  a l l  of t h e  s p e c i a l  ca ses  of t h e  Jacoby polynomia l / func t ion  

s e t .  Roman i n d i c e s  r e p r e s e n t  p o s i t i v e  i n t e g e r s  o r  ze ro ;  greek  

i n d i c e s  r e p r e s e n t  numbers r e s t r i c t e d  by t h e  requirement  t h a t  t h e i r  

r e a l  p a r t s  be g r e a t e r  than -1 u n l e s s  o therwise  noted.  The v a r i a b l e  

z i s  an a r b i t r a r y  compLex number n a t  l y i n g  on t h e  r e a l  axis segment 

-1,l u n l e s s  o therwise  noted. I n t e g r a l s  wi th  a s l a s h  a r e  p r i n c i p a l  

p a r t s .  
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Properties of the Neumann polynomials are given in Ref. 1 
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Appendix B 

. 

The Jacoby equat ion  i s  d e r i v e d  from t h e  hypergeometr ic  e q u a t i o n  

wi th  t h r e e  r e g u l a r  s i n g u l a r  p o i n t s  a t  0, 1, and a0 by an a p p r o p r i a t e  

c o o r d i n a t e  change and l i n e a r  combination of parameters  such t h a t  t h e  

new equat ion  has  i t s  s i n g u l a r  p o i n t s  a t  It1 and 00 . W r i t t e n  i n  

s t a n d a r d  from, t h e  Jacoby e q u a t i o n  i s :  

where t h e  parameters  d\ 

n i s  taken as i n t e g e r .  I n  t h i s  ca se ,  one of  t h e  two independent 

and p have r ea l  p a r t s  >-1, and t h e  index 

s o l u t i o n s  of t h e  above equat ion  i s  a polynomial,  r e g u l a r  a t  21 and 

having  a s imple p o l e  of  o r d e r  n a t  i n f i n i t y ;  t h e  o t h e r  s o l u t i o n  i s  

a €unct ion,  r e g u l a r  a t  i n f i n i t y  and s i n g l e - v a l u e d  i f  a branch c u t  i s  

made on t h e  Riemann s h e e t  between t h e  branch p o i n t s  -1 and 1. An 

i n t e g r a l  r e p r e s e n t a t i o n  of  t h e  g e n e r a l  s o l u t i o n  of  t h e  above e q u a t i o n  

may be  had by means of a g e n e r a l i z e d  E u l e r  t ransform:  

where /" i s  a parameter  t o  be f i x e d ,  and t h e  contour  C w i l l  de te rmine  

what l i n e a r  combination of  t h e  two independent  s o l u t i o n s  y (x )  r e p -  

r e s e n t s .  Let  L,stand f o r  t h e  o p e r a t o r  i n  eq. B1, then  t h e r e  ex is t s  

an o p e r a t o r  A such t h a t :  



where A o p e r a t e s  on t h e  v a r i a b l e  t and i s  a l i n e a r  o p e r a t o r  w i th  

t h e  same type  of c o e f f i c i e n t s  of i t s  second and f i r s t  d e r i v a t i v e s  

as appear  i n  t h e  ope ra to r  L. 

determined by a Taylor  expansion about t of t h e  cor respondent  co-  

e f f i c i e n t  of t h e  ope ra to r  L i n  t h e  above equat ion .  We f i n d  t h a t :  

These c o e f f i c i e n t s  may r e a d i l y  be 

Iv 
The a d j o i n t  ope ra to r ,  A , i s  determined from t h e  above by Green ' s  

theorem and t u r n s  out  t o  be: 

Now all of  t h e  above equat ions  can be combined t o  g ive  t h e  fo l lowing  

sequence of r e s u l t s :  
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Now any contour t h a t  forms a complete c i r c u i t  i n  t h e  Riemann s h e e t  

or  any open contour  t h a t  begins  and ends i n  a zero  of t h e  in t eg rand  

of t h e  second term ( t h e  b i l i n e a r  concomitant)  w i l l  cause  t h a t  

term t o  vanish.  S ince  v ( t )  i s  as y e t  a r b i t r a r y ,  t h e  s a t i s f a c t i o n  of 

t h e  r e s u l t i n g  equa t ion  demands t h a t :  

We have, as y e t ,  no t  chosen t h e  p a r a m e t e r p  . 
above equat ion  fo l lows  immediately i f  t h e  l a s t  term v a n i s h e s ;  

Quadrature  of t h e  

t h e r e f o r e  i t  fo l lows  t h a t :  

t 
I f  v ( t )  i s  no t  t o  have an e s s e n t i a l  s i p g u l a r i t y  a t  a, t h e  c o n s t a n t  

of t he  f i r s t  i n t e g r a t i o n  must be taken  t o  be zero,  t h e r e f o r e ,  t h e  

second i n t e g r a t i o n  can be r e a d i l y  performed t o  g ive :  

Hence, t he  gene ra l  s o l u t i o n  t o  t h e  Jacoby equa t ion  may be w r i t t e n :  

where we have made t h e  choicep:-n-r-p-I, and A i s  an i n t e g r a t i o n  

c o n s t a n t .  The combinat ion of fundamental  s o l u t i o n s  t h a t  y(x)  
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represents is determined by the choice of the contour in the above 

representation. It may be shown that if a simple loop enclosing the 

point x on the line segment -1,l and 1 is selected, with the 

branch cut made from -1 to-aO , y(x) is proportional to the Jacoby 

polynomial, PAdlP '(x); and on the other hand, if the contour is 

chosen to be the real axis segment from -1 to 1, the second solution, 

'(x) is represented if x does not lie on the real axis segment. Qn 
The proportionality constant in both cases is the integration constant 

A, and turns out to be 2 as determined by comparison with the 

hypergeometric series solution of the same equation. 

-n-1 
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